Abstract. New existence results are presented for non-resonant second order singular boundary value problems
Introduction
In this paper we develop an existence theory for 1
p(t) (p(t)y (t)) + τ (t)y(t) = λ f (t, y(t))
a.e. on [0, 1] which makes use of the relationship between the asymptotic behavior of the non-linearity f (t,y) y and the spectrum of the differential operator. In particular, we examine the nonresonant second order singular boundary value problem 1 p(t) (p(t)y (t)) + τ (t) y(t) = λ f (t, y(t)) a.e. on [0, 1] where Lu = − 1 pq (pu ) , one of the endpoints, t = 1, will be regular and the other, t = 0, may be singular or of limit circle type [6, 7] . For nonlinear non-resonant problems of limit circle type only a handful of papers have appeared in the literature (see [1, 3, 6] ). All other papers, to our knowledge, concerning nonlinear non-resonant problems discuss the case when t = 0 and t = 1 are regular points (see [2, 4, 5, 7] and the references therein). In [6] , Fonda and Mawhin presented a technique for discussing non-resonant problems (i.e. (1.1) with p ≡ 1) based on quadratic forms. We will use part of this technique in this paper. However, as we will see, many extra steps will be needed to discuss non-resonant problems when one of the endpoints is of limit circle type.
For notational purposes let w be a weight function. By L 
). Let AC[0, 1] be the space of functions which are absolutely continuous on [0, 1].
The following well known existence principle [6, 7] (which is a special case of the Leray-Schauder continuation theorem), due to O'Regan, will be needed in Section 2. 
In addition, assume that problem (P 0 ) has only the trivial solution. Further, suppose there is a constant M 0 , independent of λ, with 
which occurs in the theory of thermal explosions and in the theory of electrohydrodynamics. The results related to problem (1.2) in the literature [1, 3] usually consider the situation when inf ∂f ∂y and sup ∂f ∂y are bounded and satisfy a "non-resonant" condition. In this paper we improve the above existence result (in fact, in our theory the existence of ∂f ∂y is not assumed). We also note that the results in [6] are a special case of Theorems 2.1 and 2.2 in this paper (see the special example after the proof of Theorem 2.1).
Non-resonance type problems
In this section we present two existence results for singular boundary value problem (P 1 ). Conditions (i) -(v) of Theorem 1.1 will be assumed throughout this section. Notice condition (iii) implies (see [7] )
Our first result establishes existence if a certain integral inequality is satisfied. 
Proof. We first show that there exists ε > 0 with
for any y ∈ K . If this is not the case, then there exists a sequence {y n } ⊂ K with
3)
The Riesz compactness criteria together with a standard result in functional analysis (if E is a reflexive Banach space, then any norm bounded sequence in E has a weakly convergent subsequence) implies that there is a subsequence S of integers with
as n → ∞ in S where denotes weak convergence.
2)) and, for r > 0, Hölder's inequality yields Next, a standard result in functional analysis [7] yields
Now (2.3) -(2.5) and the fact that lim inf[s n + t n ] ≥ lim inf s n + lim inf t n for sequences {s n } and {t n } imply
Note y(1) = 0 since in fact y n → y in C[ε, 1] (ε > 0) by the Arzela-Ascoli theorem. By assumption (v) we have y ≡ 0. However,
which is impossible. Thus (2.1) holds for some ε > 0.
Let y be a solution to problem (P λ ) for some 0 < λ < 1. Note, in particular, y ∈ K . Multiply the differential equation by y and integrate from 0 to 1 to obtain Since y(1) = 0, we have from Hölder's inequality 1 2 for t ∈ (0, 1), and so ε y
pyh(t, y) dt and so (use assumptions (i) -(ii))
where 
pquvdt. We claim that problem (2.8) has at least one solution. This follows immediately from Theorem 2.1 once we show its condition (v) is satisfied. First notice from (2.9)
for u = 0. Thus condition (v) of Theorem 2.1 holds, so our claim is established.
For the remainder of this paper let
We show E is complete. Let {y n } be a Cauchy sequence in E. Then there exist functions
Note v(1) = 0. Also, notice since y n ∈ E (so y n (1) = 0) that 
Then problem (P 1 ) has at least one solution.
Remark 2.1. The set K in condition (ii) here is as defined in condition (v) of Theorem 2.1. In (ii) we have y = u+v with u ∈ Ω and v ∈ Γ, so 
